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M∑
i=1
gi(t, Y (t))dµi t ∈ (τ, T ]
Y (τ−) = X,
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✇❤❡r❡ X ∈ Rn✱ τ ≥ 0✱ t❤❡ ♠❡❛s✉r❛❜❧❡ ❝♦♥tr♦❧ a : (0,+∞) → Rm t❛❦❡s ✈❛❧✉❡s ✐♥ ❛ ❝♦♠♣❛❝t s❡t
A ⊂ Rm✱ ❛♥❞ {µi}i=1,··· ,M ✐s ❛ ❣✐✈❡♥ ❢❛♠✐❧② ♦❢ ❘❛❞♦♥ ♠❡❛s✉r❡s✳ ▲❡t ϕ : R
n → R ❜❡ ❛ ▲✐♣s❝❤✐t③
❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡✲❝♦♥str❛✐♥❡❞ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✿
v(τ, x) = inf
a(·)∈A
{
ϕ(Y aX,τ (T )), Y
a
X,τ (·) s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮✱ Y
a
X,τ (t) ∈ K ❢♦r t ∈ [τ, T ]
}
, ✭✶✳✷✮
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❛♥❞ ✇✐t❤ t✐♠❡✲♠❡❛s✉r❛❜❧❡ ❍❛♠✐❧t♦♥✐❛♥s✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ ❝❤❡❝❦ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ✐s s✉✐t❛❜❧❡ t♦ ♦❜t❛✐♥
❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳
▲❡t ✉s ♥♦t❡ t❤❛t ❍❏❇ ❡q✉❛t✐♦♥s ♦♥ ❛♥ ♦♣❡♥ s❡t ✇✐t❤ t✐♠❡✲♠❡❛s✉r❛❜❧❡ ❍❛♠✐❧t♦♥✐❛♥s ❤❛s ❜❡❡♥
❛❧r❡❛❞② st✉❞✐❡❞ ❜② ■s❤✐✐ ✐♥ ❬✶✵❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ st❛t❡✲❝♦♥str❛✐♥❡❞ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✇✐t❤ ❝♦♥t✐♥✉♦✉s
❍❛♠✐❧t♦♥✐❛♥s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ❜② ♠❛♥② ❛✉t❤♦rs✱ s❡❡ ❬✶✷✱ ✾✱ ✹❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳
◆♦t❛t✐♦♥s✳ ❋♦r ❡❛❝❤ r > 0✱ x ∈ Rn✱ ✇❡ ❞❡♥♦t❡ ❜② B(x, r) t❤❡ ❝❧♦s❡❞ ❜❛❧❧ ✇✐t❤ ❝❡♥t❡r x ❛♥❞
r❛❞✐✉s r✳ ❋♦r ❛ ❢✉♥❝t✐♦♥ f : [a, b] → Rn ✇❡ ❞❡♥♦t❡ ❜② V ba (f) t❤❡ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♦❢ f ♦♥ [a, b] ❛♥❞ ❜②
BV ([0, T ];Rn) t❤❡ s❡t ♦❢ ❢✉♥❝t✐♦♥s f : [0, T ]→ Rn ✇✐t❤ ❜♦✉♥❞❡❞ t♦t❛❧ ✈❛r✐❛t✐♦♥ ♦♥ [0, T ]✳
■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❛❧s♦ ✉s❡ t❤❡ ♥♦t❛t✐♦♥s✿ f(t+) := lims→t+ f(s)✱ f(t
−) := lims→t− f(s) ❛♥❞ [f ]t :=
f(t+) − f(t−)✳ ❆♥❞ ✜♥❛❧❧②✱ ✇❡ ❞❡♥♦t❡ ❜② AC([0, 1];Rn) t❤❡ s❡t ♦❢ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s
❢r♦♠ [0, 1] t♦ Rn✳
✷ Pr♦❜❧❡♠ ✇✐t❤ ❞✐s❝♦♥t✐♥✉♦✉s ❞②♥❛♠✐❝s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ❢♦r t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✭✶✳✶✮ ✐♥tr♦❞✉❝❡❞ ❜② ❉❛❧
▼❛s♦ ❛♥❞ ❘❛♠♣❛③③♦ ❬✼❪ ❛♥❞ ✇❡ r❡❝❛❧❧ t❤❡ ❣r❛♣❤ ❝♦♠♣❧❡t✐♦♥ ❝♦♥str✉❝t✐♦♥✱ ✇❤✐❝❤ ❛❧❧♦✇s t♦ ♦❜t❛✐♥ ❛♥
❛✉①✐❧✐❛r② s②st❡♠ ✇✐t❤ ♠❡❛s✉r❛❜❧❡ ❞②♥❛♠✐❝s✳
■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s✿
✭❍❝♦✮ ❚❤❡ s❡t ♦❢ ❝♦♥tr♦❧s A := L∞((0, T );A) ✇❤❡r❡ A ⊂ Rm ✐s ❛ ❝♦♠♣❛❝t s❡t✱ m ≥ 1✳
✷✳✶ ❚❤❡ st❛t❡ ❡q✉❛t✐♦♥
▲❡t T ❜❡ ❛ ✜①❡❞ ✜♥❛❧ t✐♠❡✱ X ∈ K ❜❡ ❛♥ ✐♥✐t✐❛❧ ❞❛t❛✳ ▲❡t {µi}i=1,...,M ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❘❛❞♦♥ ♠❡❛s✉r❡s✱
❛♥❞ a ∈ A ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡✳ ❲❡ ❞❡♥♦t❡ ❜② Y ax,τ (t) : R
+ → Rn t❤❡ ❝♦♥tr♦❧❧❡❞ tr❛❥❡❝t♦r②
s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮ ✐♥ t❤❡ s❡♥s ♦❢ t❤❡ ❉❡✜♥✐t✐♦♥ ✷✳✶✳
❖♥ t❤❡ ❢✉♥❝t✐♦♥s gi, i = 0, · · · ,M ✱ ✇❡ ❛ss✉♠❡ t❤❛t✿
✭❍❣✶✮ g0(t, Y, a) : R
+ × Rn × A → Rn ❛♥❞ gi(t, Y ) : R
+ × Rn → Rn✱ (i = 1, . . . ,M) ❛r❡ ❝♦♥t✐♥✉♦✉s✱
❛♥❞ g0(·, Y, a) ∈ L
1(R+)✳
✭❍❣✷✮ ∃k0(·) ∈ L
∞(R+;R+) s✉❝❤ t❤❛t ∀ Y, Z ∈ Rn, a ∈ A, t ∈ R+✱
|g0(t, Y, a)− g0(t, Z, a)|+
M∑
i=1
|gi(t, Y )− gi(t, Z)| ≤ k0(t)|Y − Z|.
✭❍❣✸✮ ∀ i ∈ {1, . . . ,M}, ∃ L > 0 s✉❝❤ t❤❛t
|g0(t, Y, a)| ≤ L, |gi(t, Y )| ≤ L, ∀ Y ∈ R
n, a ∈ A, t ∈ R+.
❋♦❧❧♦✇✐♥❣ ❬✼❪✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ❣r❛♣❤ ❝♦♠♣❧❡t✐♦♥ ❢♦r t❤❡ ♠❡❛s✉r❡ µ = (µ1, . . . , µM )✳ ▲❡t
B ❜❡ t❤❡ ❧❡❢t ❝♦♥t✐♥✉♦✉s ♣r✐♠✐t✐✈❡ ♦❢ µ✱ ✐✳❡✳ B ∈ BV ([0, T ];Rn) ❛♥❞ ✐ts ❞✐str✐❜✉t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ B˙
❝♦✐♥❝✐❞❡s ✇✐t❤ µ ♦♥ [0, T )✳ ■♥ ❛❧❧ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② T t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ❞✐s❝♦♥t✐♥✉✐t② ♣♦✐♥ts
♦❢ B✿
T := {ti, i ∈ N}.
❋✉rt❤❡r♠♦r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥s✿
ψti(σ) := B(t
−
i ) + σ(B(t
+
i )−B(t
−
i )), ❢♦r σ ∈ [0, 1], i ∈ N.
✷
❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② ξ t❤❡ s♦❧✉t✐♦♥ ♦❢✿
dξ(σ)
dσ
=
M∑
j=1
gj(σ, ξ(σ))
dψjt (σ)
dσ
, ❢♦r σ ∈ (0, 1], ξ(0) = ξ¯, ✭✷✳✸✮
❛♥❞ ✇❡ s❡t ξ(ξ¯, ψt) := ξ(1) − ξ¯✳ ◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ st❛t❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜②
❉❛❧ ▼❛s♦ ❛♥❞ ❘❛♠♣❛③③♦ ✐♥ ❬✼❪✳
❉❡✜♥✐t✐♦♥ ✷✳✶ ❋✐① ❛♥ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ❛♥❞ t✐♠❡ (X, τ) ❛♥❞ ❝♦♥tr♦❧ ✈❛r✐❛❜❧❡ a ∈ A✱ t❤❡ ❢✉♥❝t✐♦♥
Y := Y aX,τ ∈ BV ([τ, T ];R
n) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮ ✐❢ ❢♦r ❡❛❝❤ ❇♦r❡❧ s✉❜s❡t B ♦❢ ]τ, T [ ✇❡ ❤❛✈❡
∫
B
dY (t) =
∫
B
g0(t, Y (t), a(t))dt
+
M∑
i=1
∫
B\T
gi(t, Y (t))dµi +
∑
ti∈B∩T
ξ(Y (t−i ), ψti),
❛♥❞ Y (τ−) = X✳ ▼♦r❡♦✈❡r✱ ✐❢ τ ∈ T ✇❡ ❤❛✈❡ Y (τ+) = ξ(X,ψτ )✳
❘❡♠❛r❦ ✷✳✷ ■♥ t❤❡ ❝❛s❡ ✇❤❡♥ gi(t, Y ) = ci ∈ R, µi = δti✭❉✐r❛❝ ♠❡❛s✉r❡ ❛t ti✮ ❢♦r i = 1, . . . ,M ✱ ✇❡
❤❛✈❡ ξ(Y (t−i ), ψti) = ci✳
❲❡ ♥♦✇ ✉s❡ t❤❡ ❣r❛♣❤ ❝♦♠♣❧❡t✐♦♥ t❡❝❤♥✐q✉❡ t♦ ❝♦♥str✉❝t ❛ r❡♣❛r❛♠❡t❡r✐③❡❞ s②st❡♠ ✇❤✐❝❤ ❤❛s ❛ ✉♥✐q✉❡
❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤❛t✱ ✇❡ ❞❡✜♥❡ W : [0, T ]→ [0, 1] ❛s ❢♦❧❧♦✇s✿
W(t) =
t+ V t0 (B)
T + V T0 (B)
, ❢♦r t ∈ [0, T ], ✭✷✳✹✮
t❤❡♥ W ✐s ❝♦♥t✐♥✉♦✉s ♦♥ [0, T ]\T ✳ ❚❤❡ ❝❛♥♦♥✐❝❛❧ ❣r❛♣❤ ❝♦♠♣❧❡t✐♦♥ ♦❢ B ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢❛♠✐❧②
♦❢ ❧✐♥❡❛r ❢✉♥❝t✐♦♥s (ψt)t∈T ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②✿
Φ(s) = (φ0;φ1, . . . , φM )(s)
=
{
(t;B(t)) ✐❢ s =W(t), t ∈ [0, T ]\{t1, . . . , tM}
(ti;ψti(
s−W(ti)
[W]ti
)) ✐❢ s ∈ [W(ti),W(t
+
i )], i ∈ T .
✭✷✳✺✮
❋♦r ❛♥② ❝♦♥tr♦❧ a ∈ A✱ ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ X ∈ K✱ ❛♥❞ ❛♥② σ ∈ (0, 1)✱ ✇❡ ❞❡♥♦t❡ ❜② ZaX,σ : [σ, 1]→ R
n
t❤❡ s♦❧✉t✐♦♥ ♦❢

dZ
ds (s) = g0(φ
0(s), Z(s), a(φ0(s)))dφ
0(s)(s)
ds
+
M∑
i=1
gi(φ
0(s), Z(s))
(
µai (φ
0(s))dφ
0(s)(s)
ds +
dφi(s)
ds
)
❢♦r s ∈ (σ, 1],
Z(σ) = X,
✭✷✳✻✮
✇❤❡r❡ µa ✐s t❤❡ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ♣❛rt ♦❢ t❤❡ ♠❡❛s✉r❡ µ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱
✐✳❡✳ µ(t) = µa(t)dt+ µs✳
❚❤❡♦r❡♠ ✷✳✸ ❆ss✉♠❡ ✭❍❝♦✮ ❛♥❞ ✭❍❣✶✮✲✭❍❣✸✮✱ t❤❡♥ Y aX,τ ∈ BV ([τ, T ];R
n) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮ ✐❢
❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ ZaX,σ ∈ AC([σ, 1];R
n) ♦❢ ✭✷✳✻✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❣r❛♣❤ ❝♦♠♣❧❡t✐♦♥
Φ ❞❡✜♥❡❞ ✐♥ ✭✷✳✺✮ s✉❝❤ t❤❛t
ZaX,σ(W(t)) = Y
a
X,τ (t), ∀ t ∈ [τ, T ], ✭✷✳✼✮
✇❤❡r❡ σ =W(τ)✱ ❛♥❞ W ✐s ❣✐✈❡♥ ❜② ✭✷✳✹✮✳
✸
Pr♦♦❢✳ ■t ✐s t❤❡ s❛♠❡ ♣r♦♦❢ ❛s ✐♥ ❬❬✻❪✱ ❚❤❡♦r❡♠ ✷✳✷❪ ❜② ❛❞❛♣t✐♥❣ t❤❡ ♣r♦♦❢ ❣✐✈❡♥ ❢♦r M = N = 1 ✐♥
❬❬✸❪✱ ❚❤❡♦r❡♠ ✷✳✽❪✳
❘❡♠❛r❦ ✷✳✹ ❲❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡♣❛r❛♠❡t❡r✐③❡❞ s②st❡♠ ❞❡♣❡♥❞s ♦♥ t❤❡ ❢❛♠✐❧②
(ψt)t∈T ✱ ✉♥❧❡ss t❤❡ ✈❡❝t♦r ✜❡❧❞s s❛t✐s❢② s♦♠❡ ❝♦♠♠✉t❛t✐✈❡ ❛ss✉♠♣t✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ♣❛♣❡r✱ t❤❡
❞❡♣❡♥❞❡♥❝② ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ψt ❞♦❡s ♥♦t ✐♠♣❧② ❛♥② s♣❡❝✐✜❝ ❞✐✣❝✉❧t② ✐♥ t❤❡ s❡q✉❡❧✳ ❲❡ ❝❤♦s❡ ❤❡r❡ t♦
✉s❡ t❤❡ ❧✐♥❡❛r r❡♣❛r❛♠❡t❡r✐③❛t✐♦♥ ✐♥ ♦r❞❡r t♦ s✐♠♣❧② t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ ✐❞❡❛s✳
✷✳✷ ❙t❛t❡ ❝♦♥str❛✐♥❡❞ ♣r♦❜❧❡♠s
◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ✇✐t❤ st❛t❡ ❝♦♥str❛✐♥ts✳ ❚❤❡ ❡q✉❛❧✐t② ✭✷✳✼✮ ❛❧✇❛②s ❤♦❧❞s tr✉❡✱ ❜✉t
❤❡r❡ t❤❡ ♣r♦❜❧❡♠ ✐s t♦ ♠❛❦❡ s✉r❡ t❤❛t t❤❡ r❡♣❛r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ ❛ st❛t❡ ❝♦♥str❛✐♥❡❞ s♦❧✉t✐♦♥ ❛❧s♦
s❛t✐s✜❡s t❤❡ st❛t❡ ❝♦♥str❛✐♥ts✳ ❈♦♥s✐❞❡r ❛ s❡t ♦❢ st❛t❡ ❝♦♥str❛✐♥ts K ❞❡✜♥❡❞ ❜②✿
K =
l⋂
j=1
{x, hj(x) ≤ 0},
◦
K =
l⋂
j=1
{x, hj(x) < 0} ✭✷✳✽✮
❢♦r ❛ ✜♥✐t❡ ❢❛♠✐❧② ♦❢ C1,1 ❢✉♥❝t✐♦♥s {hj : R
n → R}j=1,...,l✳ ❲❡ ❛❧s♦ ❞❡♥♦t❡ ❜②
I(x) = {j ∈ {1, . . . , l}, hj(x) = 0}
t❤❡ ❛❝t✐✈❡ s❡t ♦❢ ✐♥❞❡① ✈❛❧✉❡s ❛t ❛ ♣♦✐♥t x ∈ ∂K✳
❲❡ s❛② t❤❛t ❛ tr❛❥❡❝t♦r② Y aX,τ ✱ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮✱ ✐s ❛❞♠✐ss✐❜❧❡ ✐❢ ❢♦r ❡✈❡r② t ∈ [τ, T ], Y
a
X,τ (t) ∈ K✳ ❍❡r❡
✐♥ ♦r❞❡r t♦ ♠❛❦❡ s✉r❡ t❤❛t t❤❡ ✧✜❝t✐✈❡✧ ♣❛rt ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ r❡♣❛r❛♠❡t❡r✐③❡❞ s②st❡♠ s❛t✐s✜❡s
t❤❡ st❛t❡ ❝♦♥str❛✐♥ts✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✈✐❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✿ ∀ t ≥ 0, ∀ Y ∈ ∂K, ∀j ∈
I(Y ), ∀ i = 1, . . . ,M ✱
gi(t, Y ) · ∇xhj(Y ) ≤ 0. ✭✷✳✾✮
❲❡ t❤❡♥ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿
❚❤❡♦r❡♠ ✷✳✺ ❆ss✉♠❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✸ ❛r❡ s❛t✐s✜❡❞ ❛♥❞ t❤❛t t❤❡ ✈✐❛❜✐❧✐t② ❝♦♥✲
❞✐t✐♦♥ ✭✷✳✾✮ ❤♦❧❞s✳ ❚❤❡♥ Y aX,τ (t) ∈ K ❢♦r ❡✈❡r② t ∈ [τ, T ] ✐❢ ❛♥❞ ♦♥❧② ✐❢ Z
a
X,σ(s) ∈ K ❢♦r ❡✈❡r②
s ∈ [W(τ), 1]✳
Pr♦♦❢✳ ❆ss✉♠❡ Z(·) ∈ K✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ Y (·) = Z(W(·))✱ ❛♥❞ ❢♦r ❡❛❝❤ t ∈ [τ, T ]✱ W(t) ∈ [σ, 1]✱ t❤❡♥
✇❡ ❣❡t Z(W(t)) ∈ K ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Z(·)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
Y (t) ∈ K, ∀ t ∈ [τ, T ]. ✭✷✳✶✵✮
■❢ Y (·) ∈ K✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t Z(s) ∈ K ❢♦r ❡❛❝❤ s ∈ [σ, 1]✱ ✇❤❡r❡
Z(s) =
{
Y (t), ✐❢ s =W(t), t ∈ [0, T ]\T
❡①♣
[
(s−W(ti))
[B]ti
[W]ti
gi
]
Y (ti), ✐❢ s ∈ [W(ti),W(t
+
i )], i = 1, . . . ,M,
■❢ t ∈ [0, T ]\T s✳t✳ s =W(t)✱ ✇❡ ❤❛✈❡
Z(s) = Y (t) ∈ K.
❖♥ t❤❡ ♦t❤❡r s✐❞❡✱ ✐❢ ∃ti ∈ T s✳t✳ s ∈ [W(ti),W(t
+
i )]✱ ✇❡ ❤❛✈❡ Z(s) = ❡①♣[(s−W(t))
[B]ti
[W]ti
gi]Y (ti))✳
❆s Y (ti) ∈ K✱ ❜② t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✷✳✾✮✱ t❤❡ ❞②♥❛♠✐❝s
[B]ti
[W]ti
gi(s, Z) ✐s ❛ ❝♦♥t✐♥❣❡♥t ❞✐r❡❝t✐♦♥
t♦ K ❛t ❡✈❡r② Z ∈ K✳ ❚❤❡r❡❢♦r❡✱ ❜② ✉s✐♥❣ ❱✐❛❜✐❧✐t② ❚❤❡♦r❡♠ ✸✳✸✳✺ ✐♥ ❬✶❪✱ ✇❡ ❣❡t t❤❛t
Z(s) ∈ K, ❢♦r s ∈ [W(ti),W(t
+
i )].

✹
❘❡♠❛r❦ ✷✳✻ ■♥ ❝❛s❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢❛♠✐❧② ♦❢ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ♠❛♣s ❢♦r {ψt}t∈T ✐s ❝♦♥s✐❞❡r❡❞✱
t❤❡s❡ ♠❛♣s s❤♦✉❧❞ ❜❡ ✐♥❝r❡❛s✐♥❣✱ ✐✳❡✳
ψ′t(σ) ≥ 0,∀σ ∈ [0, 1]
✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ✈✐❛❜✐❧✐t② ♣r♦♣❡rt② ✭✷✳✾✮✳
✷✳✸ ❚❤❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠
▲❡t ϕ : Rn → R ❜❡ ❛ ❣✐✈❡♥ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❛♥❞ T ❜❡ ❛ ✜♥❛❧ t✐♠❡✳ ❖✉r ❛✐♠ ✐s
t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡ ❢✉♥❝t✐♦♥
v(τ,X) := inf
{
ϕ(Y aX,τ (T )) | a ∈ A, Y
a
X,τ (t) ∈ K ♦♥ [τ, T ]
}
✭✷✳✶✶✮
✇❤❡r❡ Y aX,τ (·) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❡q✉❛t✐♦♥ ✭✶✳✶✮✳
❋♦r♠❛❧❧②✱ ✇❡ ❞❡r✐✈❡ ❛♥ ❍❏❇ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② v✿{
−vt(t,X) +H(t,X,Dv(t,X)) = 0 ❢♦r (t,X) ∈ (0, T )×K,
v(T,X) = ϕ(X) ❢♦r X ∈ K
✭✷✳✶✷✮
✇❤❡r❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s
H(t,X, p) = sup
a∈A
{
− p · (g0(t,X, a) +
M∑
i=1
gi(t,X)µi)
}
. ✭✷✳✶✸✮
❚❤❡ ♣r♦❜❧❡♠ ❤❡r❡ ✐s t❤❛t t❤❡ ♣r♦❞✉❝t Dv · µi ✐s ♥♦t ✇❡❧❧ ❞❡✜♥❡❞✱ s✐♥❝❡ µi ✐s ❛ ♠❡❛s✉r❡ ❛♥❞ v ✐s ♥♦t
❞✐✛❡r❡♥t✐❛❜❧❡✳ ■♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✱ ✐t ✐s t❤❡♥ ♥❛t✉r❛❧ t♦ ❝♦♥s✐❞❡r t❤❡ ❛✉①✐❧✐❛r② ❝♦♥tr♦❧ ♣r♦❜❧❡♠
❣♦✈❡r♥❡❞ ❜② tr❛❥❡❝t♦r✐❡s ZaX,σ s♦❧✉t✐♦♥s ♦❢ t❤❡ r❡♣❛r❛♠❡t❡r✐③❡❞ s②st❡♠ ✷✳✻✳ ❚❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
v¯(σ,X) = inf
a∈A
{
ϕ(ZaX,σ(1)), Z
a
X,σ(s) ∈ K ♦♥ [σ, 1]
}
. ✭✷✳✶✹✮
❚❤❡♦r❡♠ ✷✳✼ ▲❡t v ❛♥❞ v¯ ❜❡ ❞❡✜♥❡❞ r❡s♣❡❝t✐✈❡❧② ❜② ✭✷✳✶✶✮ ❛♥❞ ✭✷✳✶✹✮✳ ❋♦r ❡❛❝❤ X ∈ K ❛♥❞ τ ∈ [0, T ]✱
✇❡ ❤❛✈❡
v(τ,X) = v¯(W(τ), X) ✭✷✳✶✺✮
✇❤❡r❡ W ✐s ❣✐✈❡♥ ❜② ✭✷✳✹✮✳
Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✷✳✸ ✇❡ ❤❛✈❡
Y aX,τ (T ) = Z
a
X,W(τ)(W(T )) = Z
a
X,σ(1),
t❤❡♥ ✭✷✳✶✺✮ ❤♦❧❞s ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ v ❛♥❞ v¯✳ 
❆❝❝♦r❞✐♥❣ t♦ t❤✐s t❤❡♦r❡♠✱ ✇❡ ❝❛♥ t✉r♥ ♦✉r ❛tt❡♥t✐♦♥ t♦ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ v¯ t♦ ❛✈♦✐❞
❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❘❛❞♦♥ ♠❡❛s✉r❡s ✐♥ t❤❡ ❞②♥❛♠✐❝s✳
❚❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ s❛t✐s✜❡❞ ❜② v¯ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❍❏❇ ❡q✉❛t✐♦♥✿{
−v¯s(s,X) +H(s,X,Dv¯(s,X)) = 0 (s,X) ∈ (0, 1)×K,
v¯(1, X) = ϕ(X) ❢♦r X ∈ K
✭✷✳✶✻✮
✇❤❡r❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s
H(s,X, p) = sup
a∈A
{
− p ·
(
g0(φ
0(s), Z(s), a(φ0(s)))
dφ0(s)
ds
)
+
M∑
i=1
gi(φ
0(s), Z(s))
(
µai (φ
0(s))
dφ0(s)(s)
ds
+
dφi(s)
ds
)}
. ✭✷✳✶✼✮
◆♦t❡ t❤❛t K ✐s ❛ ❝❧♦s❡❞ s❡t✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ φ0 ❛♥❞ φi ❛r❡ ❥✉st ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s✱
✇❡ s❤♦✉❧❞ ✜rst ♠❛❦❡ ♣r❡❝✐s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥❡❞ L1✲✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ✭✷✳✶✻✮✳
✺
✸ ❙t❛t❡ ❝♦♥str❛✐♥❡❞ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ✇✐t❤ ♠❡❛s✉r❛❜❧❡
t✐♠❡✲❞❡♣❡♥❞❡♥t ❞②♥❛♠✐❝s
■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ❢♦r t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ t✐♠❡
♠❡❛s✉r❛❜❧❡ ❍❛♠✐❧t♦♥✐❛♥ ❛♥❞ st❛t❡ ❝♦♥str❛✐♥ts✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥✱ ✇❡ s❡t
f(t, y, a) = g0(φ
0(t), y, a)
dφ0(t)
dt
+
M∑
i=1
gi(φ
0(t), y)
(
µai (φ
0(t))
dφ0(t)
dt
+
dφi(t)
dt
)
✭✸✳✶✽✮
✇❤✐❝❤ ✐s ♠❡❛s✉r❛❜❧❡ ✐♥ t✱ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ✐♥ y ❛♥❞ ❝♦♥t✐♥✉♦✉s ✐♥ a✳ ❊q✉❛t✐♦♥ ✭✷✳✻✮ t❤❡♥ r❡❛❞{
y˙(t) = f(t, y(t), a(t)), ❢♦r t ∈ (τ, 1)
y(τ) = x.
✭✸✳✶✾✮
❘❡♠❛r❦ ✸✳✶ ▲❡t ✉s r❡❝❛❧❧ t❤❛t ✉♥❞❡r ❛ss✉♠♣t✐♦♥s ✭❍❝♦✮✱ ✭❍❣✶✮✲✭❍❣✸✮✱ ❢♦r ❡✈❡r② a ∈ A✱ t❤❡ ❞✐✛❡r✲
❡♥t✐❛❧ ❡q✉❛t✐♦♥ ✭✸✳✶✾✮ ❛❞♠✐ts ❛♥ ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥✳
▲❡t K ❜❡ t❤❡ ❝❧♦s❡❞ s✉❜s❡t ♦❢ Rn ❞❡✜♥❡❞ ✐♥ ✭✷✳✽✮ ✇❤✐❝❤ ✐s ❛♥ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ✜♥✐t❡ s♠♦♦t❤ ♠❛♥✐❢♦❧❞s✳
❋♦r ❡❛❝❤ ✐♥✐t✐❛❧ t✐♠❡ ❛♥❞ ♣♦s✐t✐♦♥ (τ, x) ∈ [0, 1)×K✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ tr❛❥❡❝t♦r✐❡s ❜②
SK[τ,1](x) :=
{
yax,τ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✾✮, y
a
x,τ (s) ∈ K ❢♦r s ∈ [τ, 1]
}
.
▲❡t ϕ : Rn → R ❜❡ ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣✿
✭❍✐❞✮ ❚❤❡ ❢✉♥❝t✐♦♥ ϕ : Rn → R ✐s ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞✳
❚❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ϑ : R+ × Rn → R ❛ss♦❝✐❛t❡❞ t♦ t❤✐s ♣r♦❜❧❡♠ ✐s ❞❡✜♥❡❞ ❜②✿
ϑ(τ, x) := inf
{
ϕ(yax,τ (1)), y
a
x,τ ∈ S
K
[τ,1](x)
}
. ✭✸✳✷✵✮
❘❡♠❛r❦ ✸✳✷ ❲❡ ❛❞♦♣t t❤❡ ❝♦♥✈❡♥t✐♦♥ ϑ(τ, x) = ‖ϕ‖L∞(K)+1✱ ✇❤❡♥ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ tr❛❥❡❝t♦r✐❡s
✐s ❡♠♣t②✿ SK[τ,1](x) = ∅✳ ❖❢ ❝♦✉rs❡ t❤✐s ✈❛❧✉❡ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛♥② ♦t❤❡r ❝♦♥st❛♥t ❜✐❣❣❡r t❤❛♥
‖ϕ‖L∞(K)✱ ❛♥❞ ❡✈❡♥t✉❛❧❧② ❜② +∞✳ ❇✉t ✇❡ ♥❡❡❞ t♦ t❛❦❡ ❛ ✜♥✐t❡ ❝♦♥st❛♥t ✐♥ ♦r❞❡r t♦ ❞❡❛❧ ✇✐t❤ ✜♥✐t❡
✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✧■♥✇❛r❞ P♦✐♥t✐♥❣ ❈♦♥❞✐t✐♦♥✧✱ ✐♥tr♦❞✉❝❡❞ ❜② ❙♦♥❡r ❬✶✷❪ ✇✐❧❧ ❜❡
❝♦♥s✐❞❡r❡❞
✭❍❑✮ ∃β > 0, ∀ t ∈ [0, 1], y ∈ ∂K, ∀j ∈ I(y)
∃ a ∈ A s✳t✳ f(t, y, a) · ∇xhj(y) < −β. ✭✸✳✷✶✮
❘❡♠❛r❦ ✸✳✸ ■❢ g0 s❛t✐s✜❡s ✭✸✳✷✶✮ ❛♥❞ gi s❛t✐s✜❡s ✭✷✳✾✮✱ t❤❡♥ t❤❡ ✜❡❧❞ f ❞❡✜♥❡❞ ✐♥ ✭✸✳✶✽✮ s❛t✐s✜❡s t❤❡
❛ss✉♠♣t✐♦♥ ✭❍❑✮ ❢♦r s♦♠❡ β > 0✳
❖✉r ✜rst ❛✐♠ ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❢✉♥❝t✐♦♥ ϑ ✐♥ ✭✸✳✷✵✮ ❛s t❤❡ ✉♥✐q✉❡ L1 ✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ✭s❡❡ t❤❡
❞❡✜♥✐t✐♦♥ ❜❡❧♦✇✮ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❍❏❇ ❡q✉❛t✐♦♥✿{
−ut(t, x) +H(t, x,Du(t, x)) = 0 ❢♦r (t, x) ∈ (0, 1)×K,
u(1, x) = ϕ(x) x ∈ K
✭✸✳✷✷✮
✇❤❡r❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s
H(t, x, p) = sup
a∈A
{−p · f(t, x, a)}. ✭✸✳✷✸✮
✻
✸✳✶ ❯♥✐❢♦r♠ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥
❲❡ r❡❝❛❧❧ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡ ❢♦r ϑ(τ,X)✿
Pr♦♣♦s✐t✐♦♥ ✸✳✹ ❆ss✉♠❡ ✭❍❝♦✮✱ ✭❍❣✶✮✲✭❍❣✸✮✱ ✭❍✐❞✮ ❛♥❞ ✭❍❑✮✳ ❚❤❡♥ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ϑ s❛t✐s✜❡s
t❤❡ ❢♦❧❧♦✇✐♥❣✿
✐✮ ❢♦r ❛❧❧ x ∈ K✱
ϑ(1, x) = ϕ(x).
✐✐✮ ❉②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♥❝✐♣❧❡✿ ❢♦r ❛❧❧ x ∈ K✱ τ ∈ [0, 1] ❛♥❞ h ∈ [0, 1− τ ]✱ ✇❡ ❤❛✈❡✿
ϑ(τ, x) = inf
yax,τ∈S
K
[τ,1]
(x)
ϑ(τ + h, yax,τ (τ + h)), ✭✸✳✷✹✮
❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦♥ (0, 1)×K✳
❘❡♠❛r❦ ✸✳✺ ❋r♦♠ ❬✾✱ ❚❤❡♦r❡♠ ✸✳✶❪✱ ✇❡ ♥♦t❡ t❤❛t ❢♦r ❛♥② x0 ∈
◦
K✱ t❤❡r❡ ❡①✐sts ❛♥ ❛❞♠✐ss✐❜❧❡
tr❛❥❡❝t♦r② x ♦♥ [t0, 1] s✉❝❤ t❤❛t
x(t0) = x0, x(t) ∈
◦
K, ∀ t ∈ [t0, 1].
■♥ ❢❛❝t✱ t❤❡r❡ ❡①✐sts ❛ s♠❛❧❧ ❡♥♦✉❣❤ ε > 0 s✉❝❤ t❤❛t
x0 ∈ Kε :=
r⋂
j=1
{x, hj(x) + ε ≤ 0},
min
ν∈f(t,x,A)
max
j∈I(x)
∇hj(x) · ν < −
α
2
, x ∈ ∂Kε, t ∈ [0, 1],
❜② t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ∇hj ❛♥❞ x→ f(t, x,A)✳ ❚❤❡♥ ❜② t❤✐s t❤❡♦r❡♠ t❤❡r❡ ❡①✐sts ❛♥ ❛❞♠✐ss✐❜❧❡ tr❛❥❡❝t♦r②
❝♦♥t❛✐♥❡❞ ✐♥ Kε ✇❤✐❝❤ ✐s ✐♥
◦
K✳
Pr♦♣♦s✐t✐♦♥ ✸✳✻ ❆ss✉♠❡ ✭❍❝♦✮✱ ✭❍❣✶✮✲✭❍❣✸✮✱ ✭❍✐❞✮ ❛♥❞ ✭❍❑✮✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ϑ(·, ·) ✐s ❝♦♥t✐♥✲
✉♦✉s ♦♥ (0, 1)×
◦
K✳
■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦♥ t❤❡ ❜♦✉♥❞❛r②✱ ✇❡ ✉s❡ t❤❡ r❡❧❛①❛t✐♦♥
♠❡t❤♦❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s ❛ r❡s✉❧t ♦❢ r❡❧❛①❛t✐♦♥ ♦❢ st❛t❡ ❝♦♥str❛✐♥ts✿
Pr♦♣♦s✐t✐♦♥ ✸✳✼ ❆ss✉♠❡ ✭❍❝♦✮✱ ✭❍❣✶✮✲✭❍❣✸✮✱ ✭❍✐❞✮ ❛♥❞ ✭❍❑✮✳ ❈♦♥s✐❞❡r (Kε)ε>0 ❛ s❡q✉❡♥❝❡ ♦❢
s✉❜s❡ts ♦❢ Rn s✉❝❤ t❤❛t
Kε =
r⋂
j=1
{x, hj(x)− ε ≤ 0},
❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② ϑε t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✭✸✳✷✵✮ ✇✐t❤ st❛t❡ ❝♦♥str❛✐♥ts
✐♥ Kε ✭✐♥st❡❛❞ ♦❢ K✮✳ ❚❤❡♥
lim
ε→0
ϑε(t, x) = ϑ(t, x) ✉♥✐❢♦r♠❧② ♦♥ (0, 1)×K.
Pr♦♦❢✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Kε✱ ❢♦r ❡✈❡r② x ∈ K✱ ❡✈❡r② ε > 0 ❛♥❞ η ∈ (0, ε) ✇❡ ❤❛✈❡
K ⊂ Kη ⊂
◦
Kε, lim
ε→0
d(x,Rn\Kε) = 0, ✭✸✳✷✺✮
t❤❡♥✱ ❢♦r t ∈ (0, 1) ❛♥❞ x ∈ K ❣✐✈❡♥✱ ✇❡ ❤❛✈❡
ϑε(t, x) ≤ ϑ(t, x). ✭✸✳✷✻✮
✼
▲❡t ✉s s❡t l := lim infε→0 ϑε(t, x)✳ ❋♦r k ∈ N ❧❛r❣❡ ❡♥♦✉❣❤✱ ∃ εk > 0 s✉❝❤ t❤❛t εk → 0 ❛♥❞
ϑεk(t, x) ≤ l +
1
2k
,
t❤❡♥ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ϑεk ✱ t❤❡r❡ ❡①✐sts ❛ tr❛❥❡❝t♦r② y
εk
x,t ∈ S
Kεk
[t,1] (x) s✉❝❤ t❤❛t
ϕ(yεkx,t(1)) ≤ ϑεk(t, x) +
1
2k
≤ l +
1
k
. ✭✸✳✷✼✮
❇② r❡♠❛r❦ ✸✳✶✱ ✇❡ ❝❛♥ ❡①tr❛❝t ❢r♦♠ yεkx,t ❛ ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡ t♦✇❛r❞s s♦♠❡ tr❛❥❡❝t♦r② yx,t ∈
SK
εk
[t,1] (x) ❢♦r ❡✈❡r② k > 0✳ ❲❡ t❤❡♥ ♦❜t❛✐♥ t❤❛t yx,t ∈ S
K
[t,1](x) ❜② ✉s✐♥❣ ✭✸✳✷✺✮✳ ▲❡t k t❡♥❞ t♦ +∞ ✐♥
✭✸✳✷✼✮ ❛♥❞ ✉s❡ t❤❡ ❢❛❝t t❤❛t ϕ ✐s ❝♦♥t✐♥✉♦✉s✱ ✇❡ ♣r♦✈❡ t❤❛t
ϕ(yx,t(1)) ≤ l.
❚❤❡♥ ✇❡ ❤❛✈❡
ϑ(t, x) ≤ ϕ(yx,t(1)) ≤ l = lim inf
ε→0
ϑε(t, x). ✭✸✳✷✽✮
❈♦♠❜✐♥✐♥❣ ✭✸✳✷✻✮ ❛♥❞ ✭✸✳✷✽✮✱ ✇❡ ❣❡t t❤❛t
ϑ(t, x) ≤ lim inf
ε→0
ϑε(t, x) ≤ lim sup
ε→0
ϑε(t, x) ≤ ϑ(t, x),
✇❤✐❝❤ ✐♠♣❧✐❡s limε→0 ϑε(t, x) = ϑ(t, v)✳
❋♦r ❡❛❝❤ ε > 0✱ ❧❡t yεx,t ∈ S
Kε
[t,1](x) s✉❝❤ t❤❛t ϑε(t, x) = ϕ(y
ε
x,t(1))✳ ❇② ❬✾✱ ❚❤❡♦r❡♠ ✸✳✶❪✱ t❤❡r❡ ❡①✐st ❛
yˆx,t ∈ S
K
[t,1](x) ❛♥❞ ❛ ❝♦♥st❛♥t K s✉❝❤ t❤❛t
‖yˆx,t − y
ε
x,t‖W 1,1([t,1];Rn) ≤ Kε.
❚❤❡♥ ✇❡ ❤❛✈❡
0 ≤ ϑ(t, x)− ϑε(t, x) ≤ ϕ(yˆx,t(1))− ϕ(y
ε
x,t(1))
≤ mϕ‖yˆx,t − y
ε
x,t‖W 1,1 ≤ mϕKε,
✇❤❡r❡ mϕ(·) ✐s t❤❡ ▲✐♣s❤✐t③ ❝♦♥st❛♥t ♦❢ ϕ✳ ▲❡t ε→ 0✱ ✇❡ ❣❡t t❤❛t ϑε → ϑ ✉♥✐❢♦r♠❧② ♦♥ (0, 1)×K✳ 
◆♦✇ ✇❡ ❣❡t t❤❡ t❤❡♦r❡♠✿
❚❤❡♦r❡♠ ✸✳✽ ❆ss✉♠❡ ✭❍❝♦✮ ✭❍❣✶✮✲✭❍❣✸✮ ✭❍✐❞✮ ❛♥❞ ✭❍❑✮✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ϑ(·, ·) ✐s ✉♥✐❢♦r♠❧②
❝♦♥t✐♥✉♦✉s ❛♥❞ ❜♦✉♥❞❡❞ ♦♥ (0, 1)×K✳
Pr♦♦❢✳ ❲❡ ♦♥❧② ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t ∀ τ ∈ (0, 1)✱ ϑ(τ, ·) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ K✳ ❋♦r ❡✈❡r② τ ∈ (0, 1) ❛♥❞
❡✈❡r② x ∈ K✱ ❞❡✜♥❡ Kε ❛♥❞ ϑε ❛s ✐♥ ♣r♦♣♦s✐t✐♦♥ ✸✳✼✳ ❚❤❡♥ ✇❡ ❤❛✈❡
ϑ(τ, x) = lim
ε→0
ϑε(τ, x) ✉♥✐❢♦r♠❧② ♦♥ (0, 1)×K.
❆❝❝♦r❞✐♥❣ t♦ ✭❍❑✮✱ ❜② t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ∇hj(x) ❛♥❞ f(t, x, p) ♦♥ x✱ ❢♦r s♠❛❧❧ ε✱ ✇❡ ❤❛✈❡ ∀ t ∈ [0, 1], y ∈
∂Kε, j ∈ I(y)✱
∃ a ∈ A s✳t✳ f(t, y, a) · ∇xhj(y) < −
β
2
. ✭✸✳✷✾✮
❯s✐♥❣ ✭✸✳✷✺✮ ❛♥❞ ♣r♦♣♦s✐t✐♦♥ ✸✳✻✱ ✇❡ ❣❡t t❤❛t ϑε(τ, ·) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ K ⊂
◦
Kε ❛♥❞ ❜♦✉♥❞❡❞✱ t❤❡♥ ❜②
t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ϑε✱ t❤❡ ❧✐♠✐t ϑ(τ, ·) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ K✳
❚❤❡♥ ∀ τ ∈ (0, 1), ∀x, z ∈ K✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ s✉♣♣♦s❡ t❤❛t ϑ(τ, x) ≥ ϑ(τ, z)✳ ▲❡t
yaz,τ ∈ S
K
[τ,1] s✉❝❤ t❤❛t ϑ(τ, z) = y
a
z,τ (1)✱ t❤❡♥ ✇❡ ❤❛✈❡
0 ≤ ϑ(τ, x)− ϑ(τ, z) ≤ ϕ(yax,τ (1))− ϕ(y
a
z,τ (1)).
❚❤❡♥ ❜② t❤❡ ✉♥✐❢♦r♠ ❝♦♥t✐♥✉✐t② ♦❢ ϕ ❛♥❞ ●r♦♥✇❛❧❧ ❧❡♠♠❛✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ✉♥✐❢♦r♠ ❝♦♥t✐♥✉✐t② ♦❢ ϑ✳
❋✐♥❛❧❧②✱ s✐♥❝❡ ϕ ✐s ❜♦✉♥❞❡❞✱ ✇❡ ♦❜t❛✐♥ t❤❛t ϑ ✐s ❜♦✉♥❞❡❞ ♦♥ (0, 1)×K✳ 
✽
✸✳✷ ❉❡✜♥✐t✐♦♥ ♦❢ L1✲✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ♦❢ ❍❏❇ ❡q✉❛t✐♦♥s
❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ L1✲✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭✸✳✷✷✮ ❛♥❞
t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ϑ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ❝❛♥ ❜❡ s❡❡♥ ❛s t❤❡ ❝♦♠❜✐♥❛t✐♦♥
♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ L1✲✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ❢♦r t❤❡ ❍❏❇ ❡q✉❛t✐♦♥s ✇✐t❤ ❛ t✐♠❡ ♠❡❛s✉r❛❜❧❡ ❍❛♠✐❧t♦♥✐❛♥
✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✶✱ ✶✵✱ ✻❪ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♥str❛✐♥❡❞ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙♦♥❡r ❬✶✷❪✳
❉❡✜♥✐t✐♦♥ ✸✳✾ ✭L1✲✈✐s❝♦s✐t② s♦❧✉t✐♦♥✮ ▲❡t u : (0, 1] × K → R ❜❡ ❛ ❜♦✉♥❞❡❞ ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥✳
✲ ❲❡ s❛② t❤❛t u ✐s ❛ L1✲✈✐s❝♦s✐t② s✉♣❡r✲s♦❧✉t✐♦♥ ✐❢ ∀ b ∈ L1(0, 1)✱ φ ∈ C1(Rn) ❛♥❞ (t0, x0) ∈
(0, 1)×K ❧♦❝❛❧ ♠✐♥✐♠✉♠ ♣♦✐♥t ♦❢ u(t, x)−
∫ t
0
b(s)ds− φ(x)✱ ✇❡ ❤❛✈❡
lim
δ→0+
ess sup
|t−t0|≤δ
sup
x∈B(x0,δ)∩K,p∈B(Dφ(x0),δ)
{H(t, x, p)− b(t)} ≥ 0.
✲ ❲❡ s❛② t❤❛t u ✐s ❛ L1✲✈✐s❝♦s✐t② s✉❜✲s♦❧✉t✐♦♥ ✐❢ ∀ b ∈ L1(0, 1)✱ φ ∈ C1(Rn) ❛♥❞ (t0, x0) ∈ (0, 1)×
◦
K
❧♦❝❛❧ ♠❛①✐♠✉♠ ♣♦✐♥t ♦❢ u(t, x)−
∫ t
0
b(s)ds− φ(x)✱ ✇❡ ❤❛✈❡
lim
δ→0+
ess inf
|t−t0|≤δ
inf
x∈B(x0,δ),p∈B(Dφ(x0),δ)
{H(t, x, p)− b(t)} ≤ 0.
✲ ❲❡ s❛② t❤❛t u ✐s ❛ L1✲✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ✐❢ ✐t ✐s ❜♦t❤ ❛ L1✲✈✐s❝♦s✐t② s✉♣❡r✲s♦❧✉t✐♦♥ ❛♥❞ ❛ L1✲
✈✐s❝♦s✐t② s✉❜✲s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✿
u(1, x) = ϕ(x) ✐♥ K.
❘❡♠❛r❦ ✸✳✶✵ ■♥ ❢❛❝t✱ t❤❡r❡ ❛r❡ ♠❛♥② ♠♦r❡ ❢♦r♠✉❧❛t✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡ ✇❡ ♠❛② r❡♣❧❛❝❡ φ ∈ C1 ❜②
φ ∈ C2, C∞, . . . ❲❡ ♠❛② ❛❧s♦ r❡♣❧❛❝❡ ❧♦❝❛❧ ♠❛①✐♠✉♠ ❜② ❣❧♦❜❛❧✱ ♦r ❧♦❝❛❧ str✐❝t✱ ♦r ❣❧♦❜❛❧ str✐❝t✳ ❲❡ ❝❛♥
❛❧s♦ ❣✐✈❡ ❛♥♦t❤❡r ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ ♦❢ ❞❡✜♥✐t✐♦♥ ❜② ❣❡♥❡r❛❧✐③✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ✐♥tr♦❞✉❝❡❞ ❜② ■s❤✐✐
❬✶✵❪ t♦ ❛ ❝❧♦s❡❞ s✉❜s❡t K✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ ▲✐♦♥s ❛♥❞ P❡rt❤❛♠❡ ❬✶✶❪✳
❘❡♠❛r❦ ✸✳✶✶ ■❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ H ✐s ❝♦♥t✐♥✉♦✉s✱ t❤✐s ❞❡✜♥✐t✐♦♥ ✐s t❤❡ s❛♠❡ ♥♦t✐♦♥ ♦❢ ✈✐s❝♦s✐t②
s♦❧✉t✐♦♥s ✐♥tr♦❞✉❝❡❞ ✐♥ ❙♦♥❡r ❬✶✷❪✳
❚❤❡♦r❡♠ ✸✳✶✷ ❙✉♣♣♦s❡ ✭❍❝♦✮✱ ✭❍❣✶✮✲✭❍❣✸✮✱ ✭❍✐❞✮✱ ✭❍❑✮ ❤♦❧❞✳ ❚❤❡♥ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ϑ ✐s ❛
L1✲✈✐s❝♦s✐t② s♦❧✉t✐♦♥ ♦❢ ✭✸✳✷✷✮✳
Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t ϑ ✐s ❛ L1✲✈✐s❝♦s✐t② s✉♣❡r✲s♦❧✉t✐♦♥✳ ▲❡t b ∈ L1(0, 1)✱ φ ∈ C1(Rn) ❛♥❞
(t0, x0) ∈ (0, 1)×K ❧♦❝❛❧ ♠✐♥✐♠✉♠ ♣♦✐♥t ♦❢ ϑ(t, x)−
∫ t
0
b(s)ds− φ(x)✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡
s✉♣♣♦s❡ t❤❛t
ϑ(t0, x0)−
∫ t0
0
b(s)ds− φ(x0) = 0, ✭✸✳✸✵✮
t❤❡♥ ✇❡ ❤❛✈❡ ∃ δ > 0 s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t ❢♦r t ∈ [t0 − δ, t0 + δ], x ∈ B(x0, δ) ∩ K✱
ϑ(t, x)−
∫ t
0
b(s)ds− φ(x) ≥ 0. ✭✸✳✸✶✮
❇② t❤❡ ❉PP✱ ∀ε > 0✱ ∃ a ∈ A s✳t✳ ∀h ∈ [0, 1− t0]✱
ϑ(t0 + h, Y
a
x0,t0(t0 + h)) ≤ ϑ(t0, x0) + ε. ✭✸✳✸✷✮
▲❡t h s♠❛❧❧ ❡♥♦✉❣❤ ✭h ≤ δ✮✱ ❜② ✭✸✳✸✶✮ ✇❡ ❣❡t
ϑ(t0 + h, Y
a
x0,t0(t0 + h)) ≥
∫ t0+h
0
b(s)ds+ φ(Y ax0,t0(t0 + h)). ✭✸✳✸✸✮
✾
❇② ✭✸✳✸✵✮✱ ✭✸✳✸✷✮ ❛♥❞ ✭✸✳✸✸✮✱ ✇❡ ❤❛✈❡∫ t0+h
0
b(s)ds+ φ(Y ax0,t0(t0 + h)) ≤
∫ t0
0
b(s)ds+ φ(x0) + ε,
t❤❡♥
φ(x0)− φ(Y
a
x0,t0(t0 + h))−
∫ t0+h
t0
b(s)ds+ ε ≥ 0,
✐✳❡✳
−
∫ t0+h
t0
[
Dφ(Y ax0,t0(s)) · f(s, Y
a
x0,t0(s), a) + b(s)
]
ds+ ε ≥ 0,
t❤❡♥ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ ✇❡ ❤❛✈❡ ∀ ε > 0∫ t0+h
t0
[
H(s, Y ax0,t0(s), Dφ(Y
a
x0,t0(s)))− b(s)
]
ds+ ε ≥ 0,
❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t ∫ t0+h
t0
[
H(s, Y ax0,t0(s), Dφ(Y
a
x0,t0(s)))− b(s)
]
ds ≥ 0. ✭✸✳✸✹✮
❇② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✐❢
lim
δ→0+
ess sup
|t−t0|≤δ
sup
x∈B(x0,δ)∩K,p∈B(Dφ(x0),δ)
{H(t, x, p)− b(t)} < 0,
t❤❡♥ ∃ δ1 > 0, E ⊂ [t0−δ1, t0+δ1] ✇✐t❤m(E) = 0 s✉❝❤ t❤❛t ∀ t ∈ [t0−δ1, t0+δ1]\E✱ x ∈ B(x0, δ1) ❛♥❞
p ∈ B(Dφ(x0), δ1)✱ ✇❡ ❤❛✈❡ H(t, x, p)− b(t) < 0✳ ❇② t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Y
a
x0,t0(·)✱ Dφ(·) ❛♥❞ H(t, ·, ·)✱ ✐❢
h ✐s s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❣❡t t❤❛t ❢♦r s ∈ [t0, t0 + h]\E✱
H(s, Y ax0,t0(s), Dφ(Y
a
x0,t0(s)))− b(s) < 0, ✭✸✳✸✺✮
✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ ✭✸✳✸✹✮✳
❇② t❤❡ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t ϑ ✐s ❛ L1✲✈✐s❝♦s✐t② s✉❜✲s♦❧✉t✐♦♥✳ ❋✐♥❛❧❧②✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ ϑ✱ ✇❡ ❤❛✈❡ ϑ(1, x) = ϕ(x) ❜❡❝❛✉s❡ Y ax,1(1) = x✳ 
✹ ❯♥✐q✉❡♥❡ss ♦❢ t❤❡ L1 ❝♦♥str❛✐♥❡❞ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ♦❢ ❍❏❇
❡q✉❛t✐♦♥s
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥{
−ut(t, x) +H(t, x,Du(t, x)) = 0 ❢♦r (t, x) ∈ (0, 1)×K,
u(1, x) = ϕ(x) x ∈ K.
✭✹✳✸✻✮
❲❡ ♣r♦✈❡ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ L1✲✈✐s❝♦s✐t② s♦❧✉t✐♦♥
♦❢ ✭✸✳✷✷✮ ♦♥ K s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❛s ✐♥ ❙♦♥❡r ❬✶✷❪✿
✭❆✶✮ ❚❤❡r❡ ❡①✐sts ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts h, r ❛♥❞ ❛♥ Rn✲✈❛❧✉❡❞ ❜♦✉♥❞❡❞✱ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ♠❛♣ η ♦❢
K s❛t✐s❢②✐♥❣
B(x+ tη(x), rt) ⊂
◦
K, ∀x ∈ K ❛♥❞ t ∈ (0, h].
❚❤❡♦r❡♠ ✹✳✶ ✭❈♦♠♣❛r✐s♦♥ Pr✐♥❝✐♣❧❡✮ ❆ss✉♠❡ t❤❛t ✭❍❝♦✮✱ ✭❍❣✶✮✲✭❍❣✸✮✱ ✭❍✐❞✮ ❛♥❞ ✭❆✶✮ ❤♦❧❞✱
❧❡t u1, u2 ❜❡ t✇♦ ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✳ ❙✉♣♣♦s❡ t❤❛t u1 ✐s ❛ L
1✲✈✐s❝♦s✐t② s✉❜✲s♦❧✉t✐♦♥
♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✭✸✳✷✷✮✱ u2 ✐s ❛ L
1✲✈✐s❝♦s✐t② s✉♣❡r✲s♦❧✉t✐♦♥ ♦❢ ✭✸✳✷✷✮✱ ❛♥❞ u1, u2 s❛t✐s❢② t❤❡ ✜♥❛❧
❝♦♥❞✐t✐♦♥ u1(1, x) ≤ ϕ(x) ≤ u2(1, x) ❢♦r ❡✈❡r② x ∈ K✳ ❚❤❡♥ ❢♦r ❡✈❡r② t ∈ [0, 1] ❛♥❞ x ∈ K✱ ✇❡ ❤❛✈❡
u1(t, x) ≤ u2(t, x).
✶✵
Pr♦♦❢✳ ▲❡t v1 = u1e
t ❛♥❞ v2 = u2e
t✱ t❤❡♥ v1✱ v2 ✐s r❡s♣❡❝t✐✈❡❧② t❤❡ L
1✲✈✐s❝♦s✐t② s✉❜✲s♦❧✉t✐♦♥ ❛♥❞
L1✲✈✐s❝♦s✐t② s✉♣❡r✲s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥
−vt(t, x) + v(t, x) +H(t, x,Dv(t, x)) = 0, ❢♦r t ∈ (0, 1), x ∈ K.
▲❡t η, r, h ❜❡ ❛s ✐♥ t❤❡ ❛ss✉♠♣t✐♦♥ ✭❆✶✮ ✐♥ ❙♦♥❡r ❬✶✷❪✱ ♣✐❝❦ ρ > 0 s✉❝❤ t❤❛t
|η(x)− η(y)| ≤
r
2
, ∀x, y ∈ K ❛♥❞ |x− y| < ρ. ✭✹✳✸✼✮
❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ (t, x) ∈ [0, 1]×K ❜② ❝♦♥tr❛❞✐❝t✐♦♥✳ ❙✉♣♣♦s❡ t❤❛t
M := sup
(t,x)∈[0,1]×K
{
v1(t, x)− v2(t, x)
}
> 0. ✭✹✳✸✽✮
❋♦r ❛❧❧ σ ∈ (0,M)✱ ❧❡t tσ ∈ (0,M) ❛♥❞ zσ ∈ K s✉❝❤ t❤❛t
v1(tσ, zσ)− v2(tσ, zσ) ≥M − σ > 0. ✭✹✳✸✾✮
❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✉s❡s t❤❡ ❝❧❛ss✐❝❛❧ t❡❝❤♥✐q✉❡s ♦❢ ❞♦✉❜❧✐♥❣ ♦❢ ✈❛r✐❛❜❧❡s ❛♥❞ ✐t ✐s s✐♠✐❧❛r t♦ t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷ ✐♥ ❙♦♥❡r ❬✶✷❪✳ ❇✉t ❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ❞♦✉❜❧✐♥❣ ♦❢ ✈❛r✐❛❜❧❡s s❤♦✉❧❞ ❜❡ ❛❞❛♣t❡❞
t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ✸✳✾ ✇❤✐❝❤ ✐s ♥❡✇✳ ❲❡ ❞❡✜♥❡ Φε : [0, 1]× [0, 1]×K ×K → R ❛s ❢♦❧❧♦✇s✿
Φε(t′, s′, x′, y′) = v1 (t
′, x′)− v2(s
′, y′)− |
x′ − y′
ε
−
2
r
η(zσ)|
2
− |
y′ − zσ
ρ
|2 − |
t′ − tσ
ν
|2 − |
t′ − s′
α
|2
+
∫ t′
0
bǫ(τ)dτ +
∫ s′
0
bǫ(τ)dτ,
✇❤❡r❡ bǫ(·) ∈ L
1(R+) ✐s ♣♦s✐t✐✈❡ ❛♥❞ bǫ → 0 ✐♥ L
1(R+) ✇❤❡♥ ǫ→ 0✳ ◆♦t❡ t❤❛t zσ + (2ε/r)η(zσ) ✐s ✐♥
K ❢♦r s♠❛❧❧ ε✱ ✇❡ ❤❛✈❡
Φε(t0, t0, zσ +
2ε
r η(zσ), zσ) = v1(t0, zσ +
2ε
r η(zσ))− v2(t0, zσ) + 2
∫ t0
0
bε(τ)dτ
≥ v1(t0, zσ)− v2(t0, zσ)− ω1(c1ε) + 2
∫ t0
0
bε(τ)dτ, ✭✹✳✹✵✮
✇❤❡r❡ ω1(·) ✐s t❤❡ ♠♦❞✉❧✉s ♦❢ ❝♦♥t✐♥✉✐t② ♦❢ v1(t0, ·) ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ zσ ❛♥❞ c1 ✐s ❛ ♣♦s✐t✐✈❡
❝♦♥st❛♥t✳ ▲❡t ν ❜❡ s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t ∀x, y ∈ K✱ Φε(·, ·, x, y) ❛❝❤✐❡✈❡s ✐ts ♠❛①✐♠✉♠ ❛t (t0, t0)✳
❙✉♣♣♦s❡ t❤❛t Φε ❛❝❤✐❡✈❡s ✐ts ♠❛①✐♠✉♠ ❛t (t0, t0, x0, y0)✱ ✇❡ ❤❛✈❡
Φε(t0, t0, x0, y0) ≥ Φ
ε(t0, t0, zσ +
2ε
r
η(zσ), zσ), ✭✹✳✹✶✮
t❤❡♥ ❜② ✭✹✳✸✾✮ ❛♥❞ ✭✹✳✹✵✮✱ ✇❡ ♦❜t❛✐♥
|
x0 − y0
ε
−
2
r
η(zσ)|
2 + |
y0 − zσ
ρ
|2 ≤ ω1(c1ε) + ω1(|x0 − y0|) + σ, ✭✹✳✹✷✮
v1(t0, x0)− v2(t0, y0) ≥ v1(t0, zσ)− v2(t0, zσ)− ω1(c1ε). ✭✹✳✹✸✮
❙✐♥❝❡ ω1 ✐s ❜♦✉♥❞❡❞✱ ✭✹✳✹✷✮ ②✐❡❧❞s t❤❛t ❢♦r s♠❛❧❧ ε, ρ✱
|x0 − y0| ≤ c2ε, |y0 − zσ| ≤ ρ, ω1(c1ε) + ω1(c2ε) + σ ≤ 1, ✭✹✳✹✹✮
✇❤❡r❡ c2 ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❚❤❡♥ ❜② ✭✹✳✸✼✮ ❛♥❞ ✭✹✳✹✷✮ ✇❡ ♦❜t❛✐♥
|η(y0)− η(zσ)| ≤
r
2
, |
x0 − y0
ε
−
2
r
η(zσ)| ≤ 1, ✭✹✳✹✺✮
✶✶
❝♦♠❜✐♥✐♥❣ t❤❡s❡ ②✐❡❧❞s
x0 ∈ B(y0 +
2ε
r
η(zσ), ε) ⊂ B(y0 +
2ε
r
η(y0),
2ε
r
r). ✭✹✳✹✻✮
❚❤✉s✱ ✭❆✶✮ ✐♠♣❧✐❡s x0 ∈
◦
K ❢♦r s♠❛❧❧ ε✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♠❛♣s✿
φ1(x) = v2(t0, y0) + |
x− y0
ε
−
2
r
η(zσ)|
2 + |
y0 − zσ
ρ
|2 +
t20
ν2
−
∫ t0
0
bε(τ)dτ,
b1(t) =
2
ν2
(t− t0)− bε(t),
φ2(y) = v1(t0, x0)− |
x0 − y
ε
−
2
r
η(zσ)|
2 − |
y − zσ
ρ
|2 −
t20
ν2
+
∫ t0
0
bε(τ)dτ,
b1(s) =
2
ν2
(s− t0) + bε(s).
❚❤❡♥ v1(t, x)−
∫ t
0
b1(τ)dτ −φ1(x) ❤❛s ❛ ♠❛①✐♠✉♠ ❛t (t0, x0) ∈ (0, T )×
◦
K✱ ❛♥❞ v2(s, y)−
∫ s
0
b2(τ)dτ −
φ2(y) ❤❛s ❛ ♠✐♥✐♠✉♠ ❛t (t0, y0) ∈ (0, T )×K✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ L
1✲✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ✇❡ ❤❛✈❡
lim
δ→0+
ess inf
|t−t0|≤δ
inf
x∈B(x0,δ),p∈B(pε,δ)
{H(t, x, p) + v1(t, x)− b1(t)} ≤ 0, ✭✹✳✹✼✮
lim
δ→0+
ess sup
|s−t0|≤δ
sup
y∈B(y0,δ)∩K,q∈B(pε+qε,δ)
{H(s, y, q) + v2(s, y)− b2(s)} ≥ 0, ✭✹✳✹✽✮
✇❤❡r❡ Dφ1(x0) = pε, Dφ2(y0) = pε + qε ✇✐t❤
pε =
2
ε
(
x0 − y0
ε
−
2
r
η(zσ)), qε = −2
y0 − zσ
ρ2
.
✭✹✳✹✷✮ ②✐❡❧❞s t❤❛t |qε| ≤ h(ε, σ)✱ ✇❤❡r❡ h(·, ·) ❞❡♥♦t❡s ❛ ❝♦♥t✐♥✉♦✉s ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❤❛s t❤❡
✈❛❧✉❡ ③❡r♦ ❛t t❤❡ ♦r✐❣✐♥✳ ❋♦r ❛♥② ε > 0✱ ❧❡t ζε ∈ C
∞
c (R) ❜❡ ❛ st❛♥❞❛r❞ ♠♦❧❧✐✜❡r✱ ❛♥❞ ✇❡ ❞❡✜♥❡ Hε ❜②
Hε(·, x, p) = ζε ⋆ H(·, x, p) ❢♦r (x, p) ∈ K × R
n✳ ❋♦r s♠❛❧❧ ε, ρ, σ✱ s❡tt✐♥❣
bε(t) = sup
x∈B(zσ,1),p∈B(0,2/ε+1)
|Hε(t, x, p)−H(t, x, p)| ✭✹✳✹✾✮
❢♦r t ∈ (0, T )✱ ❛♥❞ ✇❡ ❝❤❡❝❦ t❤❛t bε → 0 ✐♥ L
1(0, T ) ❛s ε→ 0✳ ❚❤✉s✱ ✇❡ ❞❡❞✉❝❡ ❢r♦♠ ✭✹✳✹✼✮ ❛♥❞ ✭✹✳✹✽✮
t❤❛t
lim
δ→0+
ess inf
|t−t0|≤δ
inf
x∈B(x0,δ),p∈B(pε,δ)
{Hε(t, x, p) + v1(t, x)−
2
ν2
(t− t0)} ≤ 0, ✭✹✳✺✵✮
lim
δ→0+
ess sup
|s−t0|≤δ
sup
y∈B(y0,δ)∩K,q∈B(pε+qε,δ)
{Hε(s, y, q) + v2(s, y)−
2
ν2
(s− t0)} ≥ 0. ✭✹✳✺✶✮
❚❤❡♥ ❜② t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ Hε✱ v1 ❛♥❞ v2✱ ✭✹✳✺✵✮ ❛♥❞ ✭✹✳✺✶✮ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦
Hε(t0, x0, pε) + v1(t0, x0) ≤ 0, ✭✹✳✺✷✮
Hε(t0, y0, pε + qε) + v2(t0, y0) ≥ 0. ✭✹✳✺✸✮
❙✉❜tr❛❝t ✭✹✳✺✸✮ ❢r♦♠ ✭✹✳✺✷✮✱
v1(t0, x0)− v2(t0, y0) ≤ Hε(t0, y0, pε + qε)−Hε(t0, x0, pε)
≤ Hε(t0, y0, pε + qε)−Hε(t0, y0, pε)
+Hε(t0, y0, pε)−Hε(t0, x0, pε)
≤ ζε ⋆ m(t0, h(ε, σ) + c2ε), ✭✹✳✺✹✮
✶✷
✇❤❡r❡ m(t, ·) ✐s t❤❡ ❝♦♥t✐♥✉♦✉s ♠♦❞✉❧✉s ♦❢ H(t, ·, p)✳ ❯s✐♥❣ ✭✹✳✸✾✮✱ ✭✹✳✹✸✮ ❛♥❞ ✭✹✳✺✹✮ ✇❡ ❤❛✈❡
max
x∈K
{v1(t0, x)− v2(t0, x)} ≤ v1(t0, zσ)− v2(t0, zσ) + σ
≤ v1(t0, x0)− v2(t0, y0) + ω1(c1ε) + σ
≤ ζε ⋆ m(t0, h(ε, σ) + c2ε) + ω1(c1ε) + σ.
◆♦✇ s❡♥❞ ✜rst ε t❤❡♥ σ t♦ ③❡r♦✱ ✇❡ ❣❡t
max
x∈K
{v1(t0, x)− v2(t0, x)} ≤ 0.
❆s u1(t0, x) = e
t0v1(t0, x) ❛♥❞ u2(t0, x) = e
t0v2(t0, x)✱ ✇❡ ♦❜t❛✐♥
max
x∈K
{u1(t0, x)− u2(t0, x)} ≤ 0, ∀t0 ∈ (0, T ),
✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

✺ ❈♦♥❝❧✉s✐♦♥
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❤❛✈❡ ❞❡❛❧t ✇✐t❤ st❛t❡✲❝♦♥str❛✐♥❡❞ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ♦❢ ❞✐s❝♦♥t✐♥✉♦✉s tr❛✲
❥❡❝t♦r✐❡s ❜② ♠❡❛♥s ♦❢ ❛ r❡♣❛r❛♠❡t❡r✐③❡❞ ♠❡t❤♦❞✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡
r❡♣❛r❛♠❡t❡r✐③❡❞ s②st❡♠ ✇✐t❤ st❛t❡ ❝♦♥str❛✐♥ts ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❛s t❤❡ ✉♥✐q✉❡ L1✲✈✐s❝♦s✐t② s♦❧✉t✐♦♥
♦❢ ❛♥ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❛ t✐♠❡✲♠❡❛s✉r❛❜❧❡ ❞❡♣❡♥❞❡♥t ❍❛♠✐❧t♦♥✐❛♥✳ ❍♦✇❡✈❡r✱
t❤❡r❡ ❛r❡ st✐❧❧ s♦♠❡ ✐♥t❡r❡st✐♥❣ ✇♦r❦ t❤❛t ✇❡ ❝♦✉❧❞ ❝♦♥t✐♥✉❡ t♦ ✐♥✈❡st✐❣❛t❡✳ ❲❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ ❝♦♥tr♦❧
s②st❡♠ ✇✐t❤ ❝♦♥tr♦❧ t❡r♠s ✐♥ t❤❡ ♠❡❛s✉r❡ ✇❤✐❝❤ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❛♥❞ ❝❛♥ ❞❡s❝r✐❜❡ s♦♠❡ r❡❛❧ ❛♣♣❧✐✲
❝❛t✐♦♥s✳ ❚❤❡ s❛♠❡ ♣r♦❜❧❡♠ ✇✐t❤ ♦t❤❡r ❦✐♥❞s ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ✐♥✈❡st✐❣❛t❡✳
❋✐♥❛❧❧②✱ t❤❡ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❛r❡ ❛❧s♦ ✐♥t❡r❡st✐♥❣ ❛♥❞ ♥❡❝❡ss❛r②✳
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❝♦♥tr♦❧ ♣r♦❧❡♠s ✇✐t❤ ❇❱ tr❛❥❡❝t♦r✐❡s✱ ❈♦♠♠✳ ▼❛t❤✳ ❆♣♣❧✳ ❆♥❛❧✱ ✈♦❧✳ ✶✵✭✻✮✱ ♣♣✳ ✶✺✻✼✲✶✺✽✼✳
❬✼❪ ●✳ ❉❛❧ ▼❛s♦✱ ❛♥❞ ❋✳ ❘❛♠♣❛③③♦ ✭✶✾✾✶✮✳ ❖♥ s②st❡♠s ♦❢ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤
♠❡❛s✉r❡s ❛s ❝♦♥tr♦❧s✱ ❉✐✛❡r❡♥t✐❛❧ ❛♥❞ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s✱ ✹✭✹✮✱ ♣♣✳ ✼✸✽✲✼✻✺✳
❬✽❪ ❍✳ ❋r❛♥❦♦✇s❦❛ ❛♥❞ ❙✳ P❧❛s❦❛❝③ ✭✷✵✶✵✮✳ ❙❡♠✐❝♦♥t✐♥✉♦✉s s♦❧✉t✐♦♥s ♦❢ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥
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